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Also vis_it www.mathscareers.org.uk
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| atics and its Applications (IMA) as part of
g S community who voiced that it was
C treach work with schools; particularly

of small hands on activities, as well as this

on ac:tivities which could be a focus of a stall at a

Tiis boeklef coitaiis: ‘f

' g some of the maths behind the activities in a simplified way - the
Jht  discussions with school students.
wh e emal if you have loaned one of the items.

es we C! J_f} -‘ ‘5 '2009}‘_-Royal Society Summer Exhibition. There are more fact
e found ling shapes The fact sheet on the Aerofoil was produced by Dr Alison
sity of the West of | Ik

ach and Careers Kit was put together by the IMA using the wisdom, experience and suggestions of some
d maths outreach practitioners from HEI maths departments and maths education departments around
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f you have a ‘rther guestions about this kit, please contact the Institute of Mathematics and its Applications
ia our website at www.ima.org.uk.

@
uswa the kit!
.

Anyone borrowing the Large Maths Outreach and Careers Kit is responsible

for the safe use of the items, for reading all instructions and preparing appropriate risk assessments should they be
necessary. It is strongly advisable to practise using the items before taking them to an event or fair.

It is suggested that you download the ‘Getting to grips with manual handling’ booklet from www.hse.gov.uk to observe
good handling techniques for safe lifting
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All the items in the Large Maths Outreach and Careers Kit apart from the Penrose Tiles were manufactured by Richard Ellam
www.Iminteractive.co.uk. The Penrose Tiles were made by Edmund Harriss www.mathematicians.org.uk/eoh/

There is also an information sheet regarding a trebuchet included in this booklet. The trebuchet is not part of the Large Maths

Outreach and Careers Kit; there are however good quality models which you can build yourself. The place where the IMA
purchased their trebuchet from was www.catapultkits.com
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Double Pendulum
What is it¢

The double pendulum is made of a simple pendulum, with another pendulum hanging freely from the first pendulum. The
equations which describe the motion of a single pendulum are well defined so it could be easy to make the mistake of thinking that
the double pendulum will move in a simple way as well ...

What is special abovt e dovble peiidvjum?
You will see that when you release the double pendulum it moves about in a wild and unpredictable way.

If you try and release the pendulum from one position and then repeat what you did, the pendulum is likely to move about in two
very different ways.

This is because the double pendulum moves chaotically.

Systems which exhibit chaos generally have the following features:

1. They can be modelled or described using equations, so we aren’t usually talking about randomness. (The equations
for the motion of a pendulum are well known.)

2. Very small changes to the starting conditions will produce widely different results. This is popularly known as the
butterfly effect. (Release the pendulum twice and it is unlikely to do what you did the first time, however much you try.)

3. They are unpredictable and unrepeatable, i.e. no two experiments produce the same results.

Probably one of the most famous chaotic systems is the weather system.
This is the reason that weather forecasters only predict the weather for the next few days.
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Galton Board

What is if¢

The Galton Board (also known as a quincunx or bean machine) was invented by Sir Francis Galton to demonstrate some
important concepts in probability.

The board consists of a triangular array of pegs. Balls are dropped in at the top and bounce downwards, left and right before
being collected at the bottom. If you drop enough balls in, then they will form a bell shaped curve like the one below.

Whiaf is special abovt i+¢

The bell shaped curve is an approximation of one of the most famous curves in history: the normal distribution curve. A surprising
number of things follow this curve and it crops up in many areas including engineering, science and psychology.

One simple example is if you take a random group of women, measure their shoe sizes and plot how many times each shoe size
appears.

Not many women will have really small feet (the left side of the graph) not many women will have huge feet (the right side of the
graph) and most women will have sizes between 4 and 8 (the middle of the graph).

WhY dges flie Gal{ai Beard
produce this graphe

Each time a ball hits one of the pegs, it bounces either left or right with an approximately equal
chance. This is repeated each time the ball passes a row of pegs until the ball rests at the
bottom.

If you have studied A level statistics then you will be able to see
that the distribution of how many balls collect in each bin at the
bottom will be binomial.

When you have a large number of pegs the binomial distribution is approximately the same as
the normal distribution. This is why the bell shaped normal curve starts to form.
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Harmonograph

Wiat is if¢

You might think that a pendulum is a simple thing, swinging back and forth in a predictable way, and if it had a pen attached to it,
then it would produce nothing more than a straight line.

If, however, you attach a second pendulum to your paper, swinging at right angles to the first pendulum then you start to produce
beautiful and surprising drawings. This is exactly what the Victorians did when they invented harmonographs: Simple machines
which using two, three or four pendulums, create a breathtaking array of drawings.

The harmonograph on display uses two pendulums.

How does if werke

It is possible to describe the motion of two damped pendulums with the following parametric equations. One pendulum is
moving in the x direction, the other pendulum is moving in the y direction.

x(t)=A sin(ff, + p, )€_dlt y(1) = Asin(ff, + pz)e'dzt
4, and4, are the amplitudes of the two pendulums.

d, and9, are the damping terms (damping is caused by effects such as air resistance and the bigger the damping terms, the
quicker the pendulums will slow down and come to a halt).

p, and p, are phase factors between 0 and 27 . (This decides how out of phase the two pendulums are with each other.)

fi and /> are the frequencies of the two pendulums.
Without the damping (i.e. without any air resistance and friction) these equations describe what are called Lissajous curves.

}he curves are very sensitive to the ratiojé . If the ratio is 1, then the figure will be an ellipse. The curve will only be closed if
2
=1 s rational.

5

How caii [ Ciid out more?

Have a look at www.walkingrandomly.com/?p=151 where you can download a program which simulates the harmonograph.
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ff%'ubble Wires

Wiiat is if¢

E.‘-_i__ntb the soapy liquid and when you put them gently out you should be left with a variety of surfaces which
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Travelling Salesman
Problem

What is i{¢

The travelling salesman problem is a classic problem which has been studied by mathematicians
for nearly a hundred years.

Plouth

The problem is simple. A travelling salesman has a number of towns he wants to visit, before
finishing where he started out. What is the shortest path he can take?

One option would be to try out all possible routes and then compare them to see which is the shortest. This quickly becomes too
difficult, with 10 cities there are 3,628,800 possible routes, for 100 cities it would take a computer 40 million years to compare
all the routes!

How can you Kiiid @ good rovfe?

Finding an exact solution is much too time consuming, even for a powerful computer, therefore mathematicians have designed
algorithms to find approximate solutions which are close to the shortest solution.

One of the first algorithms which was developed was the Nearest Neighbour Algorithm. This requires you to move between
the cities, always choosing to move next to the city which is closest and also hasn'’t already been visited yet. This algorithm
sometimes produces a good result; however, it also sometimes produces the longest route!

Therefore mathematicians have been on the hunt ever since for better and better algorithms. Approaches have included using

genetic algorithms where different routes are “bred together’, the bad results are thrown away until eventually a much better route
is developed.

Wiy is e TraVelliing Salesmai Problew Importai{¢

The Travelling Salesman Problem crops up all over the place - amongst other things, it is important in timetabling problems, in
designing traffic networks and in designing computer networks.

{f,
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The secret s in

The lift is caused by the fact that the air flows faster on the upper surface of the
wing compared to the lower surface.
To understand lift, you need to know about pressure ”and density, © .

What is pressure” ¢

Air molecules are in a state of random motion. When they bounce off a surface they
produce a force. Pressure is the force that the air molecule impacts
would produce per unit area of surface.

What is deiisity” ¢
P is the mass of air in a unit volume. # depends on the number of air molecules
contained within a unit volume.
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Beriovilli’s Equatioi

The relationship between pressure and air speed is:

Pressure + 5 density x (speed)? is constant

This is Bernouilli’s Equation and written mathematically as

p +% o1’ =Constant —

Hence if ¥ is high, 7 is low
and if V' is low, 7 is high .

“!'I-_,!\.>~ A0 B0 50 40 20900 20 a0 60 80 1
velocily {melre/sec)

Botii fhie sliape o¢ he gerokail aid e aiigle ot incideiice 19 fhie Clow are impor{ait.

(i) Flow past an asymmetric (ii) flow past a symmetric aerofoil
aerofoil inclined to horizontal
Lift
__\H__“_\ﬂ
Airflow >
How do cricketers or Cootballers make balls swerve?
St The movement is generated by the introduction o
g / . of circulation through spin and using the Bernouilli effect. l @\
lift force spin
direction oo \

=y
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* Trebuchet

== Wiafisife
= The trebuchet is a medieval energy weapon...but it uses gravitational potential energy. It was used during the middle

—|- ages as a siege weapon to batter down castle walls by hurling heavy stones at them. It was also very versatile and could
be used to throw incendiary bombs or even dead animals in an early example of biological warfare.

= How does it werk?

:' = It is built like a very unbalanced set of scales. On one side is a heavy mass called the counterweight. On
the other side is a missile, which would have been a heavy stone, but fitted in a sling which effectively
lengthens the other arm, but without adding much mass. This is important in how far the machine
will hurl a rock. This rock is much lighter than the counterweight. It starts with the counterweight
being raised by human effort. In this position, it has high gravitational potential energy. When
- the weight is released, it falls and so raises the arm attached to the sling. The arm flies up to a
roughly vertical position where the sling releases the rock which flies at high speed toward the
enemy castle walls. 3

The trebuchet follows the Law of Conservation of Energy, so as the counterweight loses
potential energy, the rock gains kinetic energy. The aim of the siege engine designer is to
build a machine that can transfer as much of the potential energy of the counterweight to

kinetic energy of the rock.

Of course, medieval siege engine builders had to work all this out by trial and error, by
building lots of prototypes. By analysing the trebuchet mathematically, you can make a
mathematical model... and with this, you can develop a much better siege engine.
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The Penrose Tiles

The Penrose Tiling

These two shapes have a remarkable property. They can tile the plane but not periodically. In
other words the tiling of the plane they produce is not made of a single patch of tiles repeated.
We hope here to show you the proof of this fact, remember a proof is in many ways just a simple
explanation. To do that we need to do two things. Firstly we need to show that the tiles can in fact
tile the plane. Secondly we need to show that no periodic tiling is possible. To show that they tile
the plane we need a new construction called a substitution rule.

Substitution Rule

Think about this L-shaped tile, we can double it in size and then cut this larger shape into four
copies of the original:

=
g

We can now repeat...

rl

This is a simple example of a substitution rule. In general a substitution rule takes a patch of tiling,
expands it and then replaces the larger tiles by patches of the original ones. So in this case we
take the L-shaped tile, expand it by a factor of two and then replace it by four copies.

Penrose Substitution

The substitution rule for the Penrose tiles is a little more complicated. In this case we expand the
tiles by the golden ratio: (1+v/5)/2, and then replace the larger tiles by the following two patches.

Note that these patches of tiles fit together in exactly the same way (though with different edges)
as the expanded tiles.

A

Imperial College [ ] 1 PRELEEE The Royal Instituth = G
EPSRC [Dhaon 7% o [ wsroeseny [Ri] Ife Roval instiution NPT POLYDRON
-

Edmund Harriss, Uwe Grimm, Richard Henry, John Hunton, Vinay Kathotia, Jeroen Lamb
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Notice that these two patches can fit together in exactly the same way as the original two tiles.
We can therefore think of them as larger versions of the original tiles. We can repeat this to get
larger and larger patches of Penrose tiles:

Aperiodicity of the Penrose Tiles

We now know that the Penrose tiles can fill the plane. Can this tiling be periodic? What happens
when we start with a single fat rhomb and start to apply the rule. After one application we have
2 fatrhombs and 1 thin rhomb. At each stage we replace the fat rhombs again by 2 fat and 1 thin,
and the thin rhombs by 1 fat and 1 thin. So the numbers of fat and thin rhombs (thin, fat) go as
follows:

(0,1),(1,2), (3,5),(8, 13),(21, 34), (55,89), (144, 233)...

This sequence might be familiar to you, these are the Fibonacci numbers, where each number is
the sum of the two before. The ratio of a Fibonacci number to its predecessor gets closer and
closer to the golden ratio (1+v/5)/2:1 as the numbers get larger. This is therefore the ratio of fat
rhombs to thin rhombs in a tiling generated by the substitution rule (as this involves applying the
substitution infinitly often). This is an irrational number, one that cannot be written as a fraction.
Think of a periodic tiling: it has one patch repeated, so the ratio of the tiles must be the same as
the ratio in the patch. Thus the tiling given by this substitution rule cannot be periodic.

So the Penrose tiles can tile, in a non-periodic way. Is there another way? No. Lets think about
how they can fit round a point, some are shown below (we have done a little of the work for you

and ruled out a few that cannot continue). Can you show that these patches will either occur in
the substitution tiling, or cannot be continued? Try it using the shapes provided.

WO

cocD Imperial College )] 3% RIS
EPSRC  [Thdon RN " | cicester|

Edmund Harriss, Uwe Grimm, Richard Henry, John Hunton, Vinay Kathotia, Jeroen Lamb
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4 THE ROYAL SOCIETY
SUMMER SCIENCE EXHIBITION

What shapes fill the plane?

5609

A History of Aperiodicity

In the early 1960’s the mathematician Wang was thinking about the question:
If you are given a set of shapes of tiles, can you use them to tile the whole plane?

Wang thought that there should be an algorithm or computer program that would be able to
decide, for any set of shapes of tiles you gave it, whether or not you could use them to fill the
plane. He was assuming however that if you could fill the plane with your tiles, then it would have
to be by using them to form a patch that could be endlessly repeated.

If it had been true that any tiling of the plane had to be the repetion of some basic patch, then
Wang'’s algorithm would have gone as follows:

- Take one tile shape. Does it form a patch that can be made to repeat?
If it does, you've got your answer. If not, test each other shape.
- If all the shapes fail, try all possibilities of 2 shapes put together.
If one of them forms a patch that repeats then you're finished.
If not, test all ways of putting 3 shapes together, and so on.

Either - you eventually get to a patch that can be made to repeat:
you can tile the plane with these shapes of tiles;

Or - you get to a point where you can't fit any more tiles together:
you can't tile the plane with these shapes of tiles.

However, in 1966 Wang’s student Berger showed there was a problem with this: he discovered a
set of tiles that did tile the plane, but in a way that never repeated. In fact, the tiles could never
be put together to form a patch that could be repeated: the tiles have to be continually put
together in different configurations. Any algorithm of the sort outlined above would never finish.
Berger had found the first example of an aperiodic tiling in 1966. He needed 20,426 different tiles
to make it. Once the first example had been found, others quickly found aperiodic tilings using
smaller sets of tiles. By 1971 Raphael Robinson had a tiling using just 6 tiles, but a few years later
Roger Penrose had his, using just 2 tiles.

Less than 10 years later the patterns these tiles made had been found in nature as the positions
of atoms in metal alloys. The 3 dimensional analogues of these 2-d tilings are now understood as
key shapes in the structure of viruses and are being used to understand and predict virus evolu-
tion.

The quest for a monotile. Penrose’s tiling is made of just two shapes of tile. At the moment, no
one knows if there is a single shape of tile that tiles the plane but only aperiodically. Can you find
one, or prove that there can be no such tile?

&8 University of

coDcDg Imperial College ()] £% The Royal Instituth o e,
EPSRC [Thetn oo 1] [lwarameely [Ri| Jelve i e e

Edmund Harriss, Uwe Grimm, Richard Henry, John Hunton, Vinay Kathotia, Jeroen Lamb
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Non-periodic slices

How can we easily generate non-periodic tilings? Here is a method that has proved to be very
useful. Take a look at this:

Is this a picture of a stack of blocks, or is it a tiling made from 3 different shapes of tile?

Well it's both! One way to create unlimited examples of aperiodic tilings is to take a periodic tiling
of a higher dimensional space - the picture above used a tiling of 3d space by cubes - and then
taking a slice through it. So long as the slice is at an irrational slope with respect to the sides of
the cubes the result is a non-periodic pattern of tiles.

Here is another example:

guE N ¢N gEE
(] T N
‘wf'nf el uf wf
g\, JHE, gH, gl

o' o o me’

\w e E\gf\n/

this time a 2d slice through a tessellation of 4d by 4 dimensional cubes. The Penrose tiling can be
made as a slice through 5d space.

& University of

Imperial Coll Y i ) e
EPSRC [mperalColege 0 1 F5HNVRol [Ri| e fore! netitaion e

Edmund Harriss, Uwe Grimm, Richard Henry, John Hunton, Vinay Kathotia, Jeroen Lamb
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Which subject at degree level
glves Yyou access to a
thousand different careers?

Accountant Actuary Aerodynamicist
Reronautical €ngineer Air Traffic Controller Aircraft
Tracking Researcher Architect Archivist Army Officer
Astronaut Astronomer Audio Software €ngineer Auditor Bank
Manager  Bioinformatician  Biokineticist  Biomathematician
Biostatistician  Business Decision Analyst Business Owner Cartographer Civil
Servant Complexity Modeller Computer Games Developer Computer Programmer
Computer Scientist Construction Monager Cosmologist Credit Risk Modelling Analyst Cryptologist Data

Town Planner Analyst Data Mining Specialist Database Developer Defence Analyst Detective €cological Modeller
€conometrician €conomist €pidemiologist Financial Analyst Financial and Investment Manager
Transport Planner Financial €ngineer Fluid Dynamicist Hospital Manager Hydrologist Information Security
Web Developer  Officer Insurance Analyst Insurance Underwriter  Intelligence  Specialist
Investment Banker Investment Manager Lawyer Lecturer Lighting
- - Director Logistics Manager Management  Consultant ~ Market
Econometrician Researcher Mathematical Biologist Mathematical ModellerMathematics ., Al
Researcher Medical Sales Representative Medical Statisticion
€conomist - = MQI’ChOﬁt Banker Merchant NOVU Officer Meteorologist Naval Defence Analyst Numerical :
EpldemIOlogISt Analyst Operations Researcher Optometrist Patent
Ff I Finalyst Attorney Pilot Policy Advisor Portfolio
Financial and Investment Manager Analyst  Project Manager Psychologist

Quality Assuronce Manager Quantitative
Analyst Quantity Surveyor RAF Officer Risk
Financial €ngineer Analyst Royal Navy Officer Sales Forecaster
Fluid Dynamicist Science Communicator Science  Journalist
Science Librarian Scientific Instrument Designer
Software €ngineer Sound Technician Sports
€ngineer Statistician Stockbroker Stress

Analyst  Systems  Analyst  Teacher

Technical Author Telecommunications

and IT Analyst Town Planner  Bickineticist
Transport Planner Web Developer
€conometrician €conomist Biomathematician Scenemetri
Epidemiologist  Financial  Analyst
Financial and  Investment Manage;iastqtistician
Financial €ngineer Fluid Dynamicist

Business Decision Analyst

Business Owner

Financial and Cartographer Civil Ser\,;qnt

Financial
i

Complexity Modeller
Computer Games Developer

ority  Officer Insura
Msurance Underwriter |&elligefice
Specialist  Investment § BankéPmPuter roarg
Investment Manager ™ Lawyer

Lecturer Lighti 4
e ok Construction Manager .
r MbtheM®cal , 0 I09|St
Credit Risk ModellinggAnglyst
t

omputer Scientist

Manager Manadg
Market Resear
Data Mining Specialist

Database Developer

] .
Detective  €cological Modeller

€conometrician

Visit www.mathscareers.org.uk for more exciting information!
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We would be grateful if you could please photocopy
this form and send it back to the IMA

1) Which item(s) did you borrow/use?

We welcome your feedback

Institute of Mathematics and its Applications
Catherine Richards House, 16 Nelson Street, Southend-on-Sea, Essex SS1 1EF
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Re-order: sales@highfieldconcepts.co.uk




